The trapezoidal function fe[x) is defined for fixed e 6 (0,1/2) by fe(x) = (l/e)x for x e [0,e], fe{x) =1 for x e (e, 1 -e), and fe(x) = (l/e)(l-jf) for x€ [l-e, 1], Foragiven e and the associated one-parameter family of maps {Xfe(x)\X e [0,1]} , we show that if A is an aperiodic kneading sequence, then there is a unique A 6 [0, 1] so that the itinerary of A under the map Xfe is A . From this, we conclude that the "stable windows" are dense in [0, 1] for the one-parameter family Xfe .
This note is mainly concerned with those maps which are trapezoidal. The trapezoidal function, fe, is defined for e G (0,1/2) by feix) = x/e for x G [0,e], feix) = l for xGie,l-e),and feix) = (1 -x)/e for xe[l-e,l]. for some i, then the itinerary stops). We note that Igix) is either an infinite sequence of R 's and L 's or is a finite sequence of R 's and L 's followed by a C. If g is unimodal and k. G [0,1 ] is such that the orbit of k under the scaled map kg contains 1/2, then the finite sequence / gik) is referred to as an MSS sequence [2, 9] .
For g unimodal and k G [0,1], the intinerary of k under the map kg, I 8ik), is referred to as the kneading sequence of kg [6] . BMS show that / sik) is shift maximal in the parity-lexicographical order when g is unimodal and k G [0,1 ] (throughout this note, when comparing kneading sequences the paritylexicographical order is used). Furthermore, if B is a finite or infinite shift maximal sequence, then there is some unimodal map g and some k G [0,1] so that I gik) = B . Thus any kneading sequence is shift maximal, and any shift maximal sequence is a kneading sequence. We note that if g is unimodal and
is either an MSS sequence, or is infinite and periodic, or is infinite and aperiodic. In this note we prove the following theorem. We say that the one-parameter family {Ag|A G [0,1]} , where g is unimodal, exhibits uniqueness provided that for each MSS sequence P there exists exactly one A such that IXgik) -P. Moreover, the family {kg\k G [0,1]} is said to be fully unique if it exhibits uniqueness and if for each aperiodic kneading sequence A there is exactly one A such that /A*(A) = A . Fix e G (0,1/2). It is known that {A/f|A €[0,1]} and {A4x(l -x)|A G [0,1]} exhibit uniqueness [2, 8, 10] . In this note, we establish that the family {kfe} is fully unique. We remark that this is the only one-parameter family shown to be fully unique. If we take gix) to be 4x(l -x), then for certain but not all aperiodic kneading sequences Dennis Sullivan has shown that there is a unique A so that / gik) is the given kneading sequence [11] . Moreover he has shown that if there exists an analytic family that is fully unique, then the family A4x(l -x) is fully unique. [11] . This paper is broken into two sections. Section one consists of general observations, and preliminary comments. Section two contains the proof of Theorem A.
1
BMS [2] show that the one-parameter family kfe exhibits uniqueness for 0 < e < (3sqrt(17) -11)/4 (we note that (3sqrt(17) -11)/4 2 0.3423). Metropolis and Louck [8] show uniqueness for any ee(0,l/2).
Our proof of Theorem A uses uniqueness for a given e. If e G (0,1/2) and B is some periodic shift maximal sequence, it is known that there is more than one A with / " (A) = B . This will be discussed presently. Throughout the rest of this note assume that e G (0,1/2) is fixed. We state the following fact as a theorem and outline its proof in Appendix A . Then HniP) is called the n th harmonic of P. We let H (P) be the unique element in {R, L}N that is the common extension of the harmonics of P and note that H^iP) is an aperiodic kneading sequence. Of course, HmiP) is odd (even) if there is an odd (even) number of R 's in HmiP). The following facts are known [5, 9, 3] License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
